For a weight two newform f attached to an elliptic curve E defined over rational numbers we write f = q ∞ n=1 (1 − q n ) gn , g n ∈ Z and we observe that for some special elliptic curves g n is an increasing sequence of positive integers.
Introduction
Mathematical experiments are cheap provided that one knows which kind of experiment to do. In this note we report such an experiment which arose from the first author's work on quasi-modular forms, see [Mov12, Mov15] , the following simple equality (1 − q n ), E 2 (q) := 1 24 − ∞ n=1 nq n 1 − q n and K. Ono and Y. Martin's classification of weight 2 cusp forms which are expressible using the η function, see [MO97] . The most celebrated application of modular forms is the so called (arithmetic) modularity of elliptic curves. This was originally named as Shimura-Taniyama conjecture, and it states that for an elliptic curve E defined over Z, there is a weight two newform f = ∞ n=1 f n q n such that for a good prime p the number of F p -rational points of E is p − f p . In the case of semi-stable elliptic curves this was proved by A. Wiles in [Wil95] which enabled him to complete the proof of Fermat's last theorem. For arbitrary elliptic curves it was proved by C. Breuil, B. Conrad, F. Diamond, and R. Taylor in [BCDT01] . Tables of the pair (E, f ) was produced much before the proof of arithmetic modularity theorem, see for instance the Cremona's book [Cre92] and the webpage [LMF13] . In this note we use the latter source and formulate a conjecture. The present text was written in 2016 and it was distributed among few experts in the area. Since then there have been some developments and we knew of some other related works, see [AM16] . However, its main conjecture is still open, and so we decided to publish it as it is.
Product formulas
Any weight two newform f := ∞ i=1 f n q n can be represented by a product formula in the form
where g n 's are integer constants. This can be verified by a direct expansion of (1 − q n ) gn (thanks to B. Conrad for this observation). In [MO97] , Martin and Ono give a list of all weight 2 newforms f (q) that are products and quotients of the Dedekind eta-function, i.e,
. . , t s ∈ N and r 1 , r 2 , . . . , r s ∈ Z .
Therefore, in this case g n is a repeating sequence of numbers r 1 , r 2 , . . . , r s . Our method of computing g n (see below) is by using the logarithmic derivative of f which in some sense misleading because one does not see the integrality of g n 's. Let us suppose that we can write f as in (2.1) . Then we take the logarithmic derivative of f and find
We have written a code in Singular, see [GPS01] , which computes g n 's. This can be found in the library foliation.lib in the first author's webpage. The function E f is a quasi-modular form of weight two and differential order 1, see [KZ95] and [Mov12] . For examples of E, f, E f see Table 1 . These examples have a nice property that we explain it in the next section.
3 Building blocks of weight two newforms Conjecture 1. There is an enumerable set of weight two newforms of the form ηř
where a i,n for fixed i is an increasing sequence of positive integers with greatest common divisor equal to one. Further, any other weight two newform f can be written as
for some r i ∈ Z and t i ∈ N.
The classical Dedekind eta function is just one of the η i functions in (3.1). For this and other examples of η i see Table 1 . If we apply the logarithmic derivative to the f given in (3.2), then we find Note that f = q + O(q 2 ) and so the constant term of the equality (3.3) implies that:
Moreover, weight(f ) = 2 and weight(η i )ř i = 2 and so
In Table 1 by quintuple [a 1 , a 2 , a 3 , a 4 , a 5 ] we mean the elliptic curve given by
A general method to verify Conjecture 1 is as follow. We take two of η i 's in Table 1 , let us say η 1 and η 2 , with the corresponding conductor N 1 and N 2 . Now we search for examples of weight two newforms f = η r 1 1 (q t 1 )η r 2 2 (q t 2 ) with explicit r 1 ∈ Z and t i ∈ N satisfying (3.4) and (3.5). The conductor of f might be N 1 N 2 t 1 t 2 or a product of powers of its primes. Similar methods as in [MO97] can be used in order to classify all such newforms.
In our way to analyze Conjecture 1 we found some relations with the Ramanujan theta functions. Ramanujan's two-variable theta function f (a, b) is defined by
where (a, q) n := n−1 i=0 (1 − aq i ) is the q-Pochhammer symbol. The second identity is called the Jacobi triple product identity. Let us denote the newform associated with the conductor N = 256 given in Table 1 
where ϕ(q) = f (q, q) = θ 3 (q 2 ) and ψ(q) = f (q, q 3 ) = 1 2 q −1/4 θ 2 (q). We also found that η 2 256 (q) = η 12 (−q 2 ) − 8qη 12 (q 4 ) η 2 (−q 2 )η 2 (q 4 ) .
Finally, it is worth to mention that in the literature we have the Borcherds lift, see [Bor95] Theorem 14.1, in which we have a class of meromorphic modular forms for some character of SL(2, Z), of integral weight, leading coefficient one, whose coefficients are integers, all of whose zeros and poles are either cusps or imaginary quadratic irrationals and have a product formula. The intersection of this class with the class of weight two newforms does not seem to be big, and both cases might be generalized into a general framework in which the product formulas are explained in a uniform way.
